
MTH 211: COMPUTER PROJECT 3

Harmonic Oscillators

DUE: 11/07/2018

Instructions: Use Mathematica to work the following problems. Use the final
page of this file as a cover sheet for your work and to collect your final answers.

1.) (5 pts) Non-Linear Damping
Consider the following oscillator

d2x
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+ b
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x(0) = x0
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where b and k are positive real numbers. In this model, the damping is
proportional to (speed)2 rather than (speed)1 in the linear damped harmonic
oscillator. The reason for the form |x′|x′ rather than (x′)2 is that we want
to ensure that the damping is still opposite the direction of motion. If we
compare this to the corresponding harmonic oscillator with linear damping
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dt
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x(0) = x0
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the damping force in the non-linear case will be larger in magnitude for
|x′| > 1 (speeds larger than 1). However, the damping force in the non-linear
case will be much smaller in magnitude for speeds closer to zero.

For this problem, produce plots of both the non-linear and linear damping
cases for 0 ≤ t ≤ 10. Be sure to discuss the differences in behavior be-
tween the two systems. Also determine the (approximate) values of both
solutions at t = 10. The parameters b1, b2, k1, and k2 are different for each
student and can be found online at https://chepusht.mathcs.wilkes.edu/
diff-equations-fa2018.html.

a.) b = b1, k = k1, x0 = 2 (this should be underdamped motion for the
linear harmonic oscillator)

b.) b = b2, k = k2, x0 = 2 (this should be overdamped motion for the linear
harmonic oscillator)
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2.) (5 pts) Pendulum Equation vs. Harmonic Oscillator

The motion of a damped pendulum of length L released from some starting
angle is modeled by the non-linear pendulum equation:

d2θ

dt2
+ µ

dθ

dt
+K sin(θ) = 0

θ(0) = θ0

θ′(0) = 0

where the parameters µ (the damping coefficient) and K = g
L are positive

real numbers (g is the acceleration due to gravity).

If the oscillations of the pendulum are small (i.e. θ(t) is never too big), then
sin(θ) ≈ θ and the motion of the pendulum is well–approximated by the
damped harmonic oscillator

d2θ

dt2
+ µ

dθ

dt
+Kθ = 0

θ(0) = θ0

θ′(0) = 0

For this study, we will take K = 9 (which would correspond to a pendulum of
about L = 1.09 m in metric units) and θ0 = π

2 (so the pendulum is initially
horizontal).

For each value of µ below, produce a plot showing both the solution of the
non-linear pendulum equation and the corresponding harmonic oscillator on
0 ≤ t ≤ 5. Also determine the (approximate) values of both solutions at
t = 5. In each case, describe how the motion of the pendulum (i.e. the solu-
tion of the pendulum equation) differs from the motion of the corresponding
harmonic oscillator. The parameters µ1 and µ2 are different for each stu-
dent and can be found online at https://chepusht.mathcs.wilkes.edu/

diff-equations-fa2018.html.

a.) µ = 0

b.) µ = µ1

c.) µ = µ2
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MTH 211 Project 3

NAME: SECTION:

YOUR VALUES: b1 = , b2 = , k1 = , k2 =

µ1 = , µ2 =

1.)

a.) Attach plots of both solutions.

– Linear solution at t = 10:

– Non-linear solution at t = 10:

b.) Attach plots of both solutions.

– Linear solution at t = 10:

– Non-linear solution at t = 10:

DISCUSSION: How does the non-linear damping change the behavior of the linear
harmonic oscillator?

2.)

a.) Attach plots of both solutions.

– Harmonic Oscillator solution at t = 5:

– Pendulum solution at t = 5:

b.) Attach plots of both solutions.

– Harmonic Oscillator solution at t = 5:

– Pendulum solution at t = 5:

c.) Attach plots of both solutions.

– Harmonic Oscillator solution at t = 5:

– Pendulum solution at t = 5:

DISCUSSION: How does the solution to the pendulum equation differ from the
corresponding harmonic oscillator?


