
Project 3 Help

For purposes of demonstration, we will consider numerical solutions to a type of a “stiff spring.”  The 

model is governed by the following differential equation:

d2 x

dt2
+ kx + a x x = 0. 

Note that we have added a non-linear force term proportional to x2 (the absolute value ensures that the 

force is always opposite the direction the spring is stretched).  For small displacements, x2 is smaller in 

magnitude than x, and so we expect the spring to behave like a harmonic oscillator for motion close to 

equilibrium.  However, x2 will dominate x for large displacements.  So, we expect serious deviations 

from the linear case when the spring is displaced far from the origin.  

To study this system, we will create code for both the linear and non-linear springs.  The functions 

below define two differential equation systems which we can use in DSolve (Mathematica’s exact DE 

solver) and NDSolve (Mathematica’s numerical DE solver).

In[1]:= stiffSprk_, a_, x0_ := x''t + k * xt + a * Absxt * xt ⩵ 0, x0 ⩵ x0, x'0 ⩵ 0
linSprk_, x0_ := x''t + k * xt ⩵ 0, x0 ⩵ x0, x'0 ⩵ 0

Notice that we have chosen the initial velocity to be zero (while the initial position is one of the function 

arguments).  We can use DSolve on the linear spring system (you should be able to solve these by 

hand as well).  For the non-linear spring, we will have to use NDSolve (since the solutions will not be 

nice, simple functions that we know).  NDSolve typically uses adaptive numerical approximation 

schemes that change the size of Δt (depending on how rapidly the solution seems to be changing) in 

order to meet a specified accuracy goal.  While this is more sophisticated than Euler’s Method or even 

Fourth Order Runge-Kutta, the basic idea is not dissimilar.

First, we will examine the difference in behavior between the linear and non-linear system for parame-

ters k = 4, a = 1 with a selection of different initial positions x0.

We begin with x0= 0.5:

In[3]:= A1 = NDSolvestiffSpr4, 1, 0.5, xt, t, 0, 10
B1 = DSolvelinSpr4, 0.5, xt, t

Out[3]= x[t] → InterpolatingFunction Domain: {{0., 10.}}
Output: scalar

[t]

Out[4]= x[t] → 0.5 Cos[2 t]

The output from these two function calls are replacement rules (stored respectively in the variables A 

and B).  To use these, we call the Plot command together with the Evaluate command (the non-linear 

spring is shown in red while the linear spring is shown in blue).  Notice that the code x[t]/.A1 inside of 

the Evaluate command tells Mathematica to look at the output stored in A (the solution to our non-linear 

ODE in this case), find the replacement rule dealing with x[t], and then replace x[t] with whatever 

object the rule indicates.  The Evaluate command allows Mathematica to substitute values for the 



function variable. 

In[5]:= PlotEvaluatext /. A1, Evaluatext /. B1,
t, 0, 10, PlotStyle → Red, Blue, AxesLabel → "t", "x"

Out[5]=
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In the code above, the first plot is of the function stored in A (i.e. the stiff spring solution) and is colored 

red.  The linear spring solution is colored blue.  Note that there is a slight difference in the period of the 

motions - the non-linear spring seems to have a shorter period than the linear one.  Otherwise, the two 

graphs appear very similar.  This is not too surprising since the displacement is always less than 1 (and 

so the non-linear term is relatively small). 

To find the function values at t = 10, we can also use replacement rules.  The first rule (x[t]/.A1) 

works as above.  Adding the replacement t->10 afterwards tells Mathematica to replace every instance 

of t in the function (x[t]/.A1) with the value 10.  Finally, the N[ ] command ensure that we get a 

decimal answer.

In[6]:= Nxt /. A1 /. t → 10
Nxt /. B1 /. t → 10

Out[6]= -0.285676

Out[7]= 0.204041

Next we try a larger initial displacement: x0= 2.
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In[8]:= A2 = NDSolvestiffSpr4, 1, 2, xt, t, 0, 10
B2 = DSolvelinSpr4, 2, xt, t
PlotEvaluatext /. A2, Evaluatext /. B2,
t, 0, 10, PlotStyle → Red, Blue, AxesLabel → "t", "x"

Out[8]= x[t] → InterpolatingFunction Domain: {{0., 10.}}
Output: scalar

[t]

Out[9]= x[t] → 2 Cos[2 t]

Out[10]=
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In[11]:= Nxt /. A2 /. t → 10
Nxt /. B2 /. t → 10

Out[11]= 0.561173

Out[12]= 0.816164

Again, there is a definite shortening of the period in the non-linear case.

For a final trial in this case, we try x0= 10.
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In[13]:= A3 = NDSolvestiffSpr4, 1, 10, xt, t, 0, 10
B3 = DSolvelinSpr4, 10, xt, t
PlotEvaluatext /. A3, Evaluatext /. B3,
t, 0, 10, PlotStyle → Red, Blue, AxesLabel → "t", "x"

Out[13]= x[t] → InterpolatingFunction Domain: {{0., 10.}}
Output: scalar

[t]

Out[14]= x[t] → 10 Cos[2 t]
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In[16]:= Nxt /. A3 /. t → 10
Nxt /. B3 /. t → 10

Out[16]= -7.66866

Out[17]= 4.08082

Given the plots above, we are fairly confident that the major effect of the non-linear term is a shortening 

of the period of the spring.

For our next experiment, we will again use k = 4 and x0= 2, but we will increase a to 5.
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In[18]:= A4 = NDSolvestiffSpr4, 5, 2, xt, t, 0, 10
B4 = DSolvelinSpr4, 2, xt, t
PlotEvaluatext /. A4, Evaluatext /. B4,
t, 0, 10, PlotStyle → Red, Blue, AxesLabel → "t", "x"

Out[18]= x[t] → InterpolatingFunction Domain: {{0., 10.}}
Output: scalar

[t]

Out[19]= x[t] → 2 Cos[2 t]

Out[20]=
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In[21]:= Nxt /. A4 /. t → 10
Nxt /. B4 /. t → 10

Out[21]= -1.53373

Out[22]= 0.816164

If we take a = 10, we have:
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In[23]:= A5 = NDSolvestiffSpr4, 10, 2, xt, t, 0, 10
B5 = DSolvelinSpr4, 2, xt, t
PlotEvaluatext /. A5, Evaluatext /. B5,
t, 0, 10, PlotStyle → Red, Blue, AxesLabel → "t", "x"

Out[23]= x[t] → InterpolatingFunction Domain: {{0., 10.}}
Output: scalar

[t]

Out[24]= x[t] → 2 Cos[2 t]

Out[25]=
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In[26]:= Nxt /. A5 /. t → 10
Nxt /. B5 /. t → 10

Out[26]= -0.0601899

Out[27]= 0.816164

So we are confident in our observation that the major effect of the non-linear term  a|x|x in our model is 

to shorten the period of the spring.  Note, even though the solutions look very similar to the solutions in 

the linear case, they are not sines and cosines!  If you try DSolve on our non-linear differential equation, 

you will not get an answer (i.e. Mathematica will try to solve the equations, but either it will run out of 

memory trying to do so or you will have to manually abort the computation).

In[28]:= DSolvestiffSpr4, 10, 2, xt, t

Out[28]= $Aborted
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