
MTH 331/431 STUDY GUIDE FOR EXAM III – FALL 2021

Exam III will be held on Monday, November 22nd (usual time and room). You can use a one-sided
letter size cheat-sheet.

Below is a list of important things to understand/know/apply. (Do not forget what we covered for
the previous exams!)

� Chapter 6: Cosets and Lagrange’s Theorem (sections 6.1 - 6.3):

◦ What are left and right cosets of a subgroup? Give definition and examples.

◦ Know and apply Lemma 6.3: five equivalent statements about cosets.

◦ Know and apply Theorem 6.4: a group G is the disjoint union of the left (right) cosets
of a subgroup in G.

◦ Know and apply Theorem 6.8: the number of left cosets of a subgroup is the same as
the number of right cosets.

◦ Prove Proposition 6.9: number of elements in a subgroup is the same as the number of
elements in a coset of this subgroup.

◦ Define the index of a subgroup H in a group G, [G : H]. Prove and apply Lagrange’s
theorem: [G : H] = |G|/|H|. Prove and apply the corollaries 6.11, 6.12, 6.13.

◦ Know and apply Theorem 6.16 about two cycles of the same length.

� Chapter 9: Isomorphisms and Direct Products (sections 9.1 and 9.2):

◦ What is an isomorphism? Give definition and prove/disprove that two groups are iso-
morphic.

◦ Prove and apply Theorem 9.6 (extended by additional statements in the notes) on prop-
erties of isomorphisms.

◦ Show that any cyclic group of infinite order is isomorphic to Z, and that any cyclic group
of order n is isomorphic to Zn. Also, show that if |G| = p, a prime number, then G ∼= Zp.
(Theorems 9.7-9.9.)

◦ Isomorphism as an equivalence relation: two groups are considered to be the same if
they are isomorphic (Theorem 9.10).

◦ Know and apply Cayley’s theorem: every group is isomorphic to a group of permutations.

◦ What is an external direct product? Give definition and examples.

◦ What is an internal direct product? Give definition and examples.

◦ Find the order of an element in an external direct product (Theorem 9.17).

◦ Know and apply Theorem 9.21: Zmn
∼= Zm × Zn if and only if gcd(m,n) = 1.

◦ Know and apply Theorem 9.27: the internal direct product of subgroups is isomorphic
to the external direct product of them.

� Chapter 10: Normal Subgroups and Factor (or Quotient) Groups (section 10.1 only):

◦ What is a normal subgroup? Give definition and examples. Use Theorem 10.3 to show
a subgroup is normal.

◦ What is a factor (or quotient) group? Give definition and examples. Provide Cayley
tables for factor groups. Know Theorem 10.4.



� Chapter 11: Group Homomorphisms (section 11.1 only):

◦ What is a an homomorphism? Give definition and examples. (Make sure that your
homomorphisms are well-defined mappings.)

◦ Prove and apply Proposition 11.4 on properties of homomorphisms.

◦ What is the kernel of a homomorphism? Give definition and determine kernels for given
homomorphisms.

◦ Know Theorem 11.5: kerφCG.


